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ABSTRACT
A Banach space has property (S) if every normalized weakly null sequence
contains a subsequence equivalent to the unit vector basis of ¢,. We show that
the equivalence constant can be chosen “uniformly”, i.e., independent of the
choice of the normalized weakly null sequence. Furthermore we show that a
Banach space with property (S) has property («). This solves in the negative
the conjecture that a separable Banach space with property (#) not containing
/; has a separable dual.

1. Introduction

A Banach space X is said to have property (S) if every normalized weakly
null sequence in X admits a subsequence which is C-equivalent to the unit
vector basis of ¢, for some C < oo. If the constant C is independent of the
particular sequence we say X has uniform (S) or (US). A second property
relating the internal structure of a Banach space to that of ¢, is property (u).
One way of formulating this property is to say X has property (1) if whenever
(x,) is a weak Cauchy but not weakly convergent sequence in X, there exists
(y,), a block basis of convex combinations of (x,), which is equivalent to the
summing basis for ¢

The definition of property (1) is due to A. Petczynski [P]. He defined the
property as follows. If x** € X** is the w*-limit of a sequence in X then there
exists (y,) € X, which converges w* to x** and satisfies

ool

Y X*(Yes) — X*(¥a)| <o for all x*EX*.

n=1
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(In the terminology of [HOR], B,(X) C DBSC(X).) The equivalence of our
definition and Pefczynski’s was noted in [HOR] and follows easily from the
fact that if (x,) C X also converges w* to x**, then dist(conv(x,), conv(y,)) =
0. By [BP1] and [R], if X has property (#) and Y is any infinite dimensional
subspace of X, then Y is reflexive or contains ¢, or /,. Since every subspace of a
space with unconditional basis has property (u) [P], it was conjectured by
J. Hagler that if X is a separable space with property (#) and not containing /;,
then X* is separable (see [H]).

In §2 we prove that property (S) implies property (#). In view of the tree
space JH constructed by Hagler [H] this yields a negative answer to the
conjecture. Indeed Hagler showed JH has property (S), does not contain /, and
has nonseparable dual.

Property (S) was considered by P. Cembranos in [C]. It was noted to be
equivalent to the “hereditary Dunford Pettis property”: every (infinite dimen-
sional) subspace of X has the Dunford Pettis property. This equivalence
follows easily from the deep “nearly unconditional” theorem (Theorem 2.4
below) of J. Elton ([E]; see also [O]). The question whether (S) implies (US) is
raised in [C] (and was originally brought to our attention by A. Pefczynski). We
show this to be true in §3. Part of our argument requires a generalization of
Elton’s argument for the aforementioned theorem.

A corollary of our two main results (see Corollary 2.3) is that X has property
(S) iff there exists C < oo so that whenever (x,) C Ba(X) is weak Cauchy, there
exists a subsequence (x,) with

S X%, ~x*(x)| SC  for all x*EBa(X*).
n=1

(Equivalently

k
Y e(xp—x)| =C  forallkandeg =+ 1.)
n=1

This contrasts nicely with property (1) which may be described similarly
except that (x;) is not necessarily a subsequence of (x, ) but rather a block basis
of convex combinations of (x,).

We use standard Banach space terminology as may be found in the
books [LT} or [D]. The proofs of both our main results require some Ramsey
theory (as can be found in [O], [LT] or [D]). The summing basis for c,
is the basis (s,) given by s, = Z!., ¢;, where (¢;) is the unit vector basis
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of ¢, Finally, it is perhaps worth noting that /, has property (S) and by [R],
if X has property (S), then every infinite dimensional subspace of X contains
I, or ¢;. Both properties (S) and (1) are hereditary (the later case is due to
Petczyniski [P]).

We wish to thank H. Rosenthal for useful discussions regarding this
paper.

2. Property (S) implies Property (u)
THEOREM 2.1. If X has property (S), then X has property (u).

We first review the Ramsey theorem we require. If M is an infinite
subsequence of N, [M] denotes the set of all (infinite) subsequences of M. Tis
the pointwise topology on [N], i.e., the relative topology of [N] C 2N, given the
product topology. o/ C [N] is said to be Ramsey if for all M €[N] there exists
L €[M] such that either [L]C o or [L] C [N]\ «/. It is known that if o/ is
7-Borel then o/ is Ramsey [GP]. For a proof of this result, some history and
more general results see [O].

ProoF OF THEOREM 2.1. Let(x,) C Ba(X) be weak Cauchy but not weakly
convergent. By passing to a subsequence we may assume that (x,) is basic and
moreover (y,) is seminormalized basic where y, =x,., — X, [BP1]. (Since X
has property (S), we could have also assumed, by passing to a subsequence,
that (3,,) or (¥,,—,) is equivalent to the unit vector basis of ¢, If we could
obtain this simultaneously for both sequences, we would be finished and this is
where Ramsey theory enters.)

For k and K €N define

k
Y &(Xmy = Xy ) ” <K
=1

i=

o (K) = {ME [N]: M = (m;) satisfies

foralls=il,1§i§k}.

o, (K) is t-closed and thus /(K)=(,_, o,(K) is also t-closed and
o =U._, #(K)is 1-Borel. Consequently s is Ramsey. Choose M = (m;)E€
[N] so that either [M]C & or [M] C [N]\ . Since X has property (S) we
obtain [M]C o/. Thus M € o#/(K,) and (m,)%,E H(K;) for some K|, K,. It
follows that for x* € Ba(X*),
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§ [ X*(Xpm,, ) — X*(Xm) |

i=]

| X%, = Xy )| + X 16X, ,,) — X* (X))
1 i=1

I M8

1
<K, +K,

In Pefczynski’s terminology [P], Z x,, is a w.u. C. In particular (x,,,, — X», )%,
is equivalent to the unit vector basis of ¢, and so (x,,) is equivalent to the
summing basis for c;. [ |

REMARK 2.2, If X has property (US), the proof yields a fixed K satisfying:
if (x,) is a weak Cauchy sequence in Ba(X) then there exists a subsequence
(x,,,) with

2.1) 2 1x*(xy,) = x*(x,) =K  forall x* € Ba(X*).

i=1
In fact this turns out to be an equivalence.

COROLLARY 2.3. X has property (US) iff there exists K < oo such that if
(x,) C Ba(X) is weak Cauchy, then there exists a subsequence (x,,) of (x,)
satisfying (2.1).

The proof requires Elton’s nearly unconditional theorem which we first
recall.

THEOREM 2.4 (Elton [E]). For 0 <d =1 there exists a constant K(0) < o
such that if (x,) is a normalized weakly null sequence in a Banach space, then
there exists a basic subsequence (x.) with the following property. If (a;)7 CR
with |a;| =1 foralli,and F C {i:|a;| Z J}, then

0

Y ax]

i=]

2.2)

Y ax!| =K(©)

IEF

Proor oF CoroLLARY 2.3. By Remark 2.2 it suffices to show that X
has property (US) if it satisfies the condition in the corollary. Let (x,) be
a normalized weakly null sequence in X which satisfies both the conclusion
of Theorem 2.4 and condition (2.1). We may assume that 27 'sup|a;| =
ll £ a;x; | and thus we have (x,) is 2- K - K(1)-equivalent to the unit vector
basis of ¢,. Indeed if F C N is finite, then by (2.2) and (2.1)
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E i- X2n
neF

SK) | X £ 00, —xnm-) SK-K(). u

neF

3. Property (S) implies Property (US)
THEOREM 3.1. If X has property (S) then X has property (US).

One’s first thoughts on this theorem are that it is false. The counterexample
should be X =(Z X,), where the X,’s are a sequence of bad c¢;’s (e.g.,
X, = C(w")). However it is easy to construct in such a space a normalized
weakly null sequence without a c;-subsequence. Theorem 3.1 is proved by
showing that this construction can be carried out in general. We give some
definitions to make this precise.

A sequence (x,) in a Banach space X is called a cy-sequence if || x; | =1 for
all i and (x;) is equivalent to the unit vector basis of ¢;. For M < oo we say (x;)
is an M-bad cy-sequence if (x;) is a c,-sequence with the additional property
that for all subsequences (x/) of (x;) there exists k €N such that || Z¥., x/ || >
M . The following proposition, due to W. B. Johnson (see [O]), yields that if X
has property () but fails to have (US), then X contains M-bad ¢,-sequences
for all M.

PROPOSITION 3.2. Let (x;) be a cysequence and let M < . Then there
exists a subsequence (x)) of (x;) such that either

(a) (x?) is an M-bad c,-sequence, or

(®) || Ziee X/ || =M for all finite F C N.

Proor. Let

k

D Xy,

Jj=1

&1={L = (l)EIN]:

= M for all kEN}.

& is 7-closed and therefore Ramsey. Choose L €[N] such that either [L] C
[N]\ & or [L] C &/ and let (x!) = (X;);e.. In the first case we obtain (a) and in
the second (b) holds. [ |

We continue with some more definitions. A collection (x/'); ,en € X is called
an array in X. An array (y) is a subarray of the array (x/) if there exists
(m,)2-, €[N] such that for all n EN, (y)2, is a subsequence of (x;")%,. An
array (x) is a bad cy-array if there exists M, — oo such that for all nEN,
(x"), 1s an M,-bad c,-sequence.

A bad cy-array (x]') satisfies the array procedure (ARP) if
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there exists a subarray (y!) of (x!) and reals a, > 0 with Y a, =<1

n=1

(ARP) .
such that if y, = Y a,y", then (¥;) has no ¢,-subsequence.
n=1

We say X satisfies the ARP if every bad ¢;-array in X satisfies the ARP. Note
that if X contains a bad ¢;-array and satisfies the ARP, then X fails (S). Indeed
if X contains a bad c,-array then by a standard diagonal argument it contains a
bad ¢;-array which is basic in some order. The sequence (y,) given in (ARP) is
thus seminormalized and weakly null. Proposition 3.2 yields that if X has (S)
but fails (US) then X contains a bad c¢;-array. Thus Theorem 3.1 will follow
from

THEOREM 3.3. Every Banach space satisfies the ARP.

The proof requires several steps which we now state as two propositions and
a corollary.

ProposiTION 3.4, Let (X,) be a sequence of Banach spaces each of
which satisfies the ARP. Let (x") be a bad cy-array in some Banach space
X and for meN set X" =[(x!'):iEN, n=m]. Suppose that for all
mEM there is a bounded linear operator T, : X" — X, with || T, | =1,
such that (T, x")2, is an m-bad cy-sequence in X,,. Then (x") satisfies the
ARP.

CoROLLARY 3.5. If(X,) is a sequence of Banach spaces satisfying the ARP,
then (T X,),, satisfies the ARP. In particular if K is a countable compact metric
space, then C(K) satisfies the ARP.

PROPOSITION 3.6. Let (x) be a bad cy-array such that (x')2., is an M,-bad
co-sequence for all n. Then there exists a subarray (y!') of (x') and w*-compact
countable subsets K, C Ba((Y")*) (where Y" =[y™: m = n, i EN]) such that
forallnEN, (! | ¢ )21 is an M, /6-bad c,-sequence in C(K,).

Assuming these three results we give the

PrOOF OF THEOREM 3.3. Let (x/') be a bad ¢;-array in X. By passing to a
subarray, if necessary, we may assume that for n €N, (x")2, is an M,-
bad ¢;-sequence with M, > 6n. By Proposition 3.6 there exists a subarray (y")
and w*compact countable sets K, C Ba((Y")*) such that (y! | k)2 is an
n-bad c,-sequence. Define 7,: Y"—=C(K,) by T,y =y l x, for yEY". By
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Corollary 3.5, C(K,) satisfies the ARP and thus by Proposition 3.4, (y")
satisfies the ARP.

It remains to prove 3.4, 3.5 and 3.6.

PrOOF oF ProPOsITION 3.4, If there exists m EN and a subarray (y)
of (x!') such that (T,,(y)),, is a bad cy-array in X,,, then the fact that the
ARP works for (T,(y/)),,; yields that the ARP works for (y/). Thus by
passing to a subsequence of (x");, for each n, we may assume (by Proposition
3.2) that

for m €N there exists M,, < co such that

3.1) S 7o

i€F

=M, forall n > m and finite F C N.

We shall inductively choose (m,)E[N] and a subarray (y?) of (x), with
(y"); = (x™), for all n, reals a, > 0 with Z=_, a, = 1 and a sequence of reals
(N,)*_, such that for all n:

(1) (T, (yIN=, is an m,-bad ¢,-sequence in X,, .

(1) || Z;er ! || = N, for finite F C N.

(iii) a,m, > n.

(iv) 2/ a;N; <a,m,/A.

v Z, oM, <a,m,/4.

Vi) || Zier T, (¥H | =M, for /> n and finite F CN.

First note that (i) and (vi) will be automatically satisfied by the hypothesis of
the proposition and (3.1). To start let a, =3} and choose m,; EN such that
a,m, > 1. This defines (3}); = (x™), and since (y}) is a ¢,-sequence we can
choose N, to satisfy (ii) for n = 1. The only condition remaining to be satisfied
for n =1 is (v) and this will hold provided we require a,M,, <2 ~/a,m /4 for
j>1.

Let n > 1 and suppose that (a;)-", (m;)/=}' and (¥;)7-} have been chosen to
satisfy (ii), (iii) and (iv) for “n” replaced by any integer less than n and in
addition for 2 =j <n,

(3.2) 0<g,<min{27/,2 a,m/4M,, : 1 =k <j}.

Choose a, > 0 to satisfy (3.2) for “j” replaced by “n”. Then choose m, EN,
m,>m,_,;, such that (iii) and (iv) hold. Choose N, so that (ii) holds.
This completes the induction. Note that by (3.2), (v) holds for all n and
ij_l aj é 1.
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Let (y,) begivenby y, = 2%, g yi and let (y,,) be a subsequence of (y;). We

shall show that sup; || Z/, ¥, || = o and thus ();) has no ¢,-subsequence. Fix
n and by (i) choose /, such that || =i, T,, (¥2) || > m,. Thus
L Lo« , L on-1 .
S|z |2 L ay 2 T ayi
i=1 t=1j=n =] jm=1
h X i n—1 Q
= ” Tm,,< 22 ajy{(,> ‘ -2 a; P Ych,
i=1j=n j=1 i=1
h x h . n-1
24, | T T.0k) \ - I af 3 T.00) [ ~ 3 4N, (by (i)
= Jj=n i= j=

x
zam,— Y aM, —a,m,/4
j=n+1

(by the choice of /,, (iv) and (vi))
=za,m, —a,m,/4—a,m,/4 (by(v))
=a,m,/2.
Since »n was arbitrary and a,m, — o« by (iii), this completes the proof. M

PrOOF OF COROLLARY 3.5. Let (x]') be a bad ¢p-array in X = (2 X,),, and
let R,, denote the natural projection of X onto X,,,.

CrLam. For all M < oo there exists m, n €N and a subsequence (y;) of
(x")®, such that (R,,(y;))/~, is an M-bad c,-sequence.

Indeed if the claim is false we obtain, by Proposition 3.2, that there
exists M < oo such that for all m, n €N every subsequence of (x/)~, con-
tains a further subsequence (y;) with || Z;erR,(y;) || =M for all finite
F C N. Fix n such that (x[")2, is an (M + 3)-bad c,-sequence. By a gliding
hump argument choose a subsequence (y;) of (x); and (m;) € [N] such that for
alliEN:

() U, Il Ry | <077,

.....

Let p €N and choose m €(m;_,, m;] for some i EN (m, = 0) such that

4
D7
Jj=1

P
2 R,.(»)
je1

Now
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+ I R.(y) || +

IA

3 R

j=i+1

p i—1
2 Ru(3)) ‘El R, ()

j=

J

(where we make the obvious adjustments if p = i). Thus by (i) and (ii)

SE-DE-D'+1+M=M+2

J

P
Yi
=]

This contradicts the fact that (x'); is an (M + 3)-bad ¢,-sequence and estab-
lishes the claim.

By the claim we can choose an increasing sequence of integers N(n))<.,, a
sequence of integers (M(n)) ., and subsequences (y7); C (x¥™)= | such that
(Rymy(¥1)); 1s an n-bad cy-sequence for all n. Letting

Ty = Ruw |1

liensrzn

we see that the hypothesis of Proposition 3.4 is satisfied (for (x?*) replaced by
(y7) and X, replaced by X)) and thus (y/'), and hence (x), satisfies the ARP.
This proves the first assertion of the corollary.

If K is a countable compact limit ordinal o and f,%a, then C(a)~
(Z C(B,))., Thus by induction we see that C(«) satisfies the ARP for all such a.
In view of the isomorphic classification of C(K) for K countable compact
metric (see [BP2]) this completes the proof. [ ]

PrROOF OF PRoOPOSITION 3.6. The array (x) satisfies 1= || x| =
inf; || x| >0 for each n, i €EN. Since for each n, (x!)=, is weakly null, by
passing to subsequences using the standard diagonal argument we may assume
(x7") is basic. Moreover we may assume our array is now labeled in triangular
fashion (x/"), <, <; and is basic in the lexicographical order with “first letter” i
and “second letter” n. (Thus the order is x{, x3, xZ, xi, x?,... .) By renorming
we may assume (x/') is a monotone basis in this order.

It suffices to find for all n, a subsequence ('y") of (x") and a w*compact
countable set 'K; C Ba('Y*) ('Y =[('y")],<n<) such that ('y7 | 'K,); is an
M,/6-bad c,-sequence in C('K;). Indeed if this can be done, then we repeat the
process inductively to further trim ('y/), -, <; and obtain (*y!"), <, <; and 2K, etc.
The array (3/"), <; which satisfies the conclusion of the proposition is then given
by ()2, ="y, and K, ="K, |[(y,m)]n5m5‘ . Of course each K, is a quotient of
"K, an thus is still countable and w*-compact. Having said all this we shall
simplify the notation by writing (y") and K, in place of ('y?) and 'K
respectively.
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LEMMA 3.7. There exists (I,)E[N] and finite sets F! C[— 1, 1] with the
following properties. If y! = x' for | =n S iandifk, < - - - <k,are given such
that || ZF-, yi. || > M,, then there exists f€3Ba(Y*), where Y = [(y")1<n<i),
such that

(@ 2f., flyi)>M,J/2,
(A) (b) fYHEF! forn=i,
() fiy=0 ifigfk,....k}.

Let us assume the lemma and show how to construct K, with the desired
properties. Let

r

Y v

i=1

‘ )5 173

i=1

"l

.1/={(k,,...,k,,): <M, forall r < pand

Clearly ¢ is countable and moreover ", the closure of & in 2V, contains only
finite sets. Indeed if (k;)E[N] N o, then for all pEN, {k;}/-, is a proper
initial segment of an element of . In particular || Z} yi || <M, which
contradicts that (x/) is a M;-bad ¢y-sequence.

For each element (k;)} € o, choose an element f € 3BaY* which satisfies (A)
of Lemma 3.7. Let ¢ = f/3 and G =} F" for n < i. We let % be the set of all
such g’s. Note that for g€ %, g(y")EG!. For m =0 let @, be the basis
projection of Yonto [(¥"); 1 =n =i = m]. Of course () is also a monotone
basis in the lexicographic order, and so || @, || = 1. Let

Ki={0xg:8€%,mz=0}.

Clearly K, is a countable subset of BaY* and by (a) of (A) (¥} | k) 18 an
M,/6-bad ¢;-sequence.

It remains only to check that K, is w*compact. Let (k,) C K, be w*
convergent to kK € Ba(Y*). Let k, = QF g, for some m,EN and g, €%, and
suppose that g, was derived from a set 4, €¢". By passing to a subsequence we
may assume that 4, = A4 €. As we noted 4 must be finite. We may assume
(g,) is w*-convergent to g €Ba(Y*). By (b) and (c), if ¢ =max 4, QFg, =
Qrg = g for large n. Thus g €K,. We may assume m, — m or diverges to .
If m, = o or m = ¢, then k = g €K,. Otherwise Q% g, — Q,Fg = k and since
OXg€K,, kEK,. [ |

The proof of Lemma 3.7 will make repeated use of the following generaliza-
tion of a result of Elton ([E], see also [O, Lemma 4.6]).
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LeEMMA 3.8. Let (x!'),<.<; be an array in X such that for all n, (x['){=, is
weakly null. Let B C Ba(X*). Then for all ¢ >0, C <o, n EN and N €[N]
there exists L E[N] such that if ()i CLwithn S l,<l,<b<--. <l and if
there exists f€B with 2., f*(x})>C, then there exists gEB with
2.1 87(x})>Cand |g(x")| <eforl =m = n.

PROOF. For PENIlet of, ={IE[N]:1=(i;)2, ir = n and if there exists
fE€B with Z;_, f*(x;)> C then there exists gEB with Z;_, g*(x})> C and
lg(xM)| <e for 1=m =n). Let & =N,., o,. Each &1 is closed in [N]
whence so is /. In particular &/ is Ramsey and so there exists L E[N] with
[L1C o or [L]C[N]\&. If [L]C o/ we are done and thus suppose [L]1C
[NI\o#. Let L = ()=, and fix pEN. Forg=plet L, ={l,,,+1, ;42 -..}.
L, and thus L &/, for some r,. Thus there exists f,€EB with
Z/e, S (x],)> Cand if gEB with T]+, g*(x},)> Cthen forsome 1 = m =
n, g Ze.

Choose g, such that 7, = min{r,: 1 =q = p}. Thus

C< Z (x,m)< Z c(x},) forl=g=p.

j=1

Hence for 1 = ¢ < p there exists 1 = m, = n with | f,(x,9)| Z¢. Let g,=1,
and let g € Ba(X*) be a w*-limit point of (g,)°. It follows that for g EN there
exists 1 = m, < nwith |g(x,:ﬁ ‘)| > eand hence one of the n sequences, (x[");%;.
1 =m = n, is not weakly null, a contradiction. |

TERMINOLOGY. We shall say L is obtained from (B, ¢, C, n, N) by Lemma
3.8.

ProoF oF LEMMA 3.7. Let & = min{l, M,/4} and let (b]),<,<; be the
biorthogonal functionals to the monotone basis (x),<,<;of X. For 1 =n =i
choose ¢ > 0 such that

3.3) L Lerfbr] <e.
Let H! be a finite ¢/-net in [ — 1, 1] with 0€E H} for each 1 = n =< i. Define
B'={f€2Ba(X*): fix})EH! for 1 =n =i}). Observe that by (3.3) given
g € Ba(X*) there exists f€B' with | f(x!) —g(x!)| <¢forall 1=n <i.In
particular if g(Z,cr x/) > M, for some finite F C N, then f(Z;crX') > 3M//4.
Choose &, > 0 so that
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(3.4 Y me,sup{ || b |:1=n=jandn =m}<e.
m=1
Note that the “sup” in (3.4) is finite since for all n, (x]')j2, is seminormalized.
For mE€N, let {CT, ..., Cpimy} be an g,/2-net in (0, M,]. Let L] be obtained
from (Bl ¢, C},1,N) by Lemma 3.8. Let LJE[L]] be obtained from
(B &,C3,1,L) by 3.8. Continue until we obtain L,=L,, from
(B', &, Cay, 1, LL1y—1) by 3.8, and define /, = min L,. This defines y! = x| and
we let Fl=H] .
For the second step (to obtain /,) we partition B! into finitely many sets

B =(fE€B": fy)=1}, (EF.

We apply Lemma 3.8 repeatedly to (B?, ¢, CZ, 2, L) beginning with L =L,
and letting t €F} and 1 = g = p(2) vary independently over all possibilities.
At each application L will be the subsequence of L, obtained from the previous
step. Let L, be the last sequence obtained and choose /,€ L, with /, > [,. This
defines y5 = x and F;=H} forn=1,2.

Let us briefly outline the induction step. Assume /, </, < .-- </, and L,
have been chosen in the manner now described. This defines y! = x/' and
F'=Hlforl1=n=i=m.For every-f =(tNEM, <,<i<m FT We set

B ={fEB: fiyr)=tr,1=n=<i=m).

This partitions B™ into finitely many sets. We then apply Lemma 3.8 re-
peatedly to (Bf"“, Emt1, CF Y, m + 1, L), beginning with L = L,,, as tand q
range over all possibilities. We let L, ., be the subsequence ultimately
obtained and choose /,,, \€L,,,, with [, ., >1,,.

Thus (y") and (F7') have been chosen such that

(given n <k, < - -+ <k,, if there exists f€ B' with

14
Y fT(yh)> Crforsome 1 = g = p(n),

i=1

then there exists g € B' with
(B) J

14
@) Y g*(yi)>Cy,
i=1

&) gy =fyMforl=m=i<n,

() 1g(yM)| <eg,forl =m =n.
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Let || Z/-yi || > M,. As we noted above, there eixsts gEB' with
=F.1 87 (¥i)> 3 M,. We shall show that (B) implies there exists # € B! with

f P
@) L h*(m)>My/2,

=1

(©) 1" |h(yH) =0 ifi>k,and

hoh) <e ifig{k,..., k,}or
if h(y')<O.

Assuming (C), let’s derive (A). By perturbing 4 we obtain f€ X* such that
Sy =h(yhHifi€lk,,..., k,}and A(y!)= 0and f(y") = 0 otherwise. From
(C) we have

kKoo
I/f=hl=2Z&X byl
i=1 n=1
=Y eg-i-sup{ || |:1=n=jandn =i}
i=1

<e=1 by(3.4).

Thus | f]| = || £ ]| + 1= 3 and clearly f'satisfies (A).

It remains to show that (C) holds. Thus let g EB' such that =f g*(y)>
3M,. We shall apply (B) k,-times beginning with the function g. To start let
Co=1M, and B,=0. Choose C,=C, for some 1 =g =< p(1) such that
0<CG—Ci<e. Ifky=1 and g(y{)= 0 we set i, =g and let B, =g,(y}) =
hi*(y). If k=1 but g(»!) <0 we apply B) to | <k, < --- <k,,gand C,.
This yields h, € B' with Z7_, At (y})> C,and |h(y!| <e,. Weset 8, = A (y)).
If k,>1 we apply (B) to 1 <k, <--- <k,, gand C,, obtaining 4, € B' with
. bt (p) > Cpand |A(y))] <e,. In this case we let 8, = 0.

Assume 1 =5 <k, and A, € B' and numbers (8,){, (C;); have been chosen
such that

1) 0<(C,_,—B._)—C,<gforl1 =r=s.

(1) Zyszs bt (i) > C.

(iii) If 1 =r =sand r = k;for some 1 =i < p, then B, = h,* (), otherwise
B, =0.

(iv) 1Ay <eforl=m =r =sprovided r&{k,...,k,} or h(y!)<O.
(Note that by our construction in the first step, all conditions hold for s = 1.)
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To construct A, ,, we first choose C,,, = C;*' forsome 1 =g = p(s + 1) so
that 0 <(C, — ;) — C,;, <é&4,, thus satisfying (i) for s+ 1. (If 0=
C, — B, <é,,, we set h = Q*h, and note that the estimates below show that 4
satisfies (C). If s + 1 = k; for some 1 =j < pand A,(y;,,)Z0welet b, =k,
and B,,, = ht (¥!,1). Thus (iii) and (iv) hold for s + 1. To see (ii) for s + 1,
we observe that (by (ii) and (1) for s)

2 hstl(yl:,)= 2 hs+(y1:,)_ﬂs>cs_ﬂs>cs+l-
{ikizs+1) {ik,z 5}
If s+ 1=k for some 1 =j=p and A(y!,,;)<0 we apply (B) to s +1<
ki1 <kiia<---<k, hyand C,, to obtain #,,, EB".
Note that (B) applies in this setting since

S b= L A

i=j+1 (ikzs+1)

= 2 hs+(yll,)—ﬁs>cs _BS>Cs+l~

{i:k,;s)

We then let B, = A% (¥!, ). By (2") of (B) we have

Z s+l(yk) s+l(ys+l)+ 2 hs+l(y1:,)>cs+1
{itkizs +1}) i=j+1
and thus (ii) holds for s + 1. (t’) and (¢’) of (B) imply that (iv) is fulfilled for
s + 1 and (iii) holds trivially.
Finallyifs + 1€ {k,, ..., k,},say k;_ <s + 1 <k; (ko = 0), we apply (B) to
s+1<kj<---<k,, h;and C,,,. Note that (B) applies since again

P
Z}hf (yll,) = ('kz : hs+(yl:,) —)Bs > Cs _ﬂs > Cs+l'
i=) ikizs

We let B, ., = 0 and thus the new function A, , satisfies (iii) for s 4 1. (ii) holds
for s + 1 by (a") of (B) and (iv) holds easily by (b) and (¢’) of (B).

The construction is complete. Let 7 = Q¥ i, and we verify that £ satisfies
(C). h(y")=01if i > k,) and the remaining conditions of (b”) hold by (iv) for
hy,. It remains to show that (a”) holds or equivalently that

p
Z hi (ve)> My/2.
i=1

Now
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PRTEESCTEY

i=1

kp kp
=2 B th,z ;l (Cor = C = &)+ By, (by (1))

r=1

kp
=CG—C,— X & +5B
r=1

= Cy— 2 & (observing that B, = C; by (ii))
r=1

(%

%Ml_— %Ml =Ml/27

since by (3.4), Z” ¢, <& = M,/4. [ |

4. Duality

The natural dual analogue of property (S) (respectively, (US)) is the Schur
property (respectively, strong Schur property). A Banach space X has the
Schur property if given 6 > 0 every sequence (x,) € Ba(X) with || x, —x, | =
J for n # m admits a subsequence which is C-equivalent to the unit vector
basis of /; for some C. If C = 2Kd ! with Kindependent of § and the particular
sequence (X, ) we say that X has the K-strong Schur property [R2]. With the help
of Theorem 3.1 we can strengthen a result of [H] to the following

PRoOPOSITION 4.1. Let X be a Banach space not containing I,. If X has
property (S), then X* has the strong Schur property.

Proor. Let(f,) C Ba(X*)with | f, — f. || > dfor n # m. By passingtoa
subsequence we may assume that ( f,) is w* convergent to some fE€ Ba(X*),
Let g, = f, — f. It follows from Theorem 3.1 and the proof of theorem 1(e) in
[H] that there is a constant C such that some subsequence of (g,) is
2C6 ™~ -equivalent to the unit vector basis of /;. Indeed let K be as in formula
(2.1). (g,) is w*null and we may suppose || g, || > d/2 for all n. Choose
(x,) € Ba(X) with g,(x,) > 6/2 for all n. By passing to subsequences we may
assume (x,) is weak Cauchy and satisfies (2.1). Let ¢ >0 be arbitrary. By
passing to subsequences and the standard perturbation argument we also may
assume g,,(X5, — X2p41)> 40 — € for all n and £,,(Xym — Xpm+1) =0 for all
m # n. It follows that for (g;) C R,

[lzaigZi =K'(46—-¢) X |al.
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From the following proposition we deduce that X* has the (K + n)-strong
Schur property for all 7 > 0. [ |

PROPOSITION 4.2. Let (x;) be a sequence in a Banach space X satisfying
| Zax | ZnZla,| forall(a;) C Randsomen>0.Let x€X. Then for some
NEN,

i a;(x; + x)

i=N+1

zn X lal

i=N+1

forall (a) CR.

PrOOF. We can assume (or else we can take N = 0) that there exists NEN
and scalars (b)Y, with =¥, b, =1 and

N

<n X 1bl.
i=1

i=

(4.1)

N
Y bi(x, +x)
1

j=

Let(a,)) CRandsetA =2y, a;. Thus

x N o€« N
Y a(x+x) H = ‘ (=A4) Y bxi+ Y axi| — HA 2 bi(x; +x)
i=N+1 1=1 i=N+1 i=1
N o N
§ﬂ<|A| X1+ X Iaz|>"|A|'72 | b; ]
i=1 i=N+1 i=1
(using the hypothesis and (4.1))
=n X lal. ]
1=N+1

REMARK 4.3. (1) The analogue of Theorem 3.1 is false, even for dual
spaces. Indeed using an example of J. Lindenstrauss (cf. [JO])), let X, be a
sequence space equipped with the norm

||(a,)||n=sup<{z 4,1 F C N and |F|§n}.
iEF

It is easy to see that if X = (£ X,),,, X*has the Schur property, while failing
the strong Schur property.

(2) One might also wish to consider generalizations of Theorem 3.1 to /,
(1 < p < o). Let us say that a Banach space X has property (S,) if every weakly
null normalized sequence in X has a subsequence K-equivalent to the unit
vector basis of /, for some K. X has property (US,) if K is independent of the
particular sequence. These properties have been studied for subspaces X of L,.
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If X is a subspace of L, (2 < p <) and X has (S,) then X has (US,) and
moreover X embeds into /, [JO]. However for 1 < p <2 there exists X C L,
with (S,) but not (US,) [JO]. Johnson [J] has shown that if X C L, has (US,)
then X embeds into /.

Added in proof. The authors have proved the following generalization of
Theorem 3.1: Let X be a Banach space, 1 < p < oo, such that every weakly null
sequence in Ba(X) admits a subsequence with a C-upper 1, estimate for some C.
Then C can be chosen independent of the sequence.
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